Abstract. We introduce a concept of Cauchy complete Császár frames and construct Cauchy completions of Császár frames using strict extensions of frames and show that the Cauchy completion gives rise to a coreflection in the categories CsFrm and UCsFrm.
Introduction and preliminaries
In order to study topological, proximal and uniform structures in a single setting, Császár [7] has introduced the concept of syntopogenous structures on a set. He defined the concept of complete syntopogenous spaces and constructed the completions of syntopogenous spaces using the Cauchy filters. For the concept of the Cauchy filters, he introduced the join-irreducible set in the spaces. Moreover, he also showed that proximity structures occupy an intermediate position between topologies and uniformities to the effect that the topology deduced from a uniformity is really constructed in two steps: first deduced from a uniformity a proximity structure, then from this topology in question. In [6] , the author proved the following:
(1) The category of topological spaces and continuous maps and the category of perfect topogenous spaces and continuous maps are isomorphic.
(2) The category of proximity spaces and proximal maps and the category of symmetrical topogenous spaces and continuous maps are isomorphic.
(3) The category of uniform spaces and uniformly continuous maps and the category of symmetrical biperfect syntopogenous spaces and continuous maps are isomorphic.
The study of structured frames started with Isbell [10] , where uniformities on frames were introduced as exact translation into frame terms of Tukey's approach( [14] ) to uniform spaces via covers. Nearness frames, which is uniform frames without the star-refinement condition, was introduced recently by Banaschwiski and Pultr [5] , and they introduced the concept of Cauchy complete nearness frames and constructed the completions of nearness frames which furnish coreflections in the category of strong nearness frames and uniform homomorphisms(see [3] [4] [5] ). For the Cauchy complete nearness frames, they introduced the concept of regular Cauchy filters via covers. Hong and Kim [9] showed more recently that every nearness frame has the Cauchy completions, which furnish coreflections in the category of nearness frames and Cauchy homomorphisms.
The purpose of this paper is twofold: One of them is to introduce the frame counterpart of the syntopogenous space. The other is to define the Cauchy complete Császár frames and then construct the Cauchy completions of Császár frames, that is, the frame counterpart of the Császár completion of syntopogenous spaces( [7] ). In addition, we present the following two results:
(1) The category CCCsFrm of Cauchy complete Császár frames is coreflective in the category CsFrm of Császár frames and Cauchy homomorphisms.
(2) The category CCUCsFrm of Cauchy complete uniform Császár frames is coreflective in the category UCsFrm of uniform Császár frames and uniform homomorphisms. Now we briefly recall some of the basic concepts of frame theory and introduce notation and terminology that is consistent throughout this paper. For the general background of frame theory, we refer to [11] and for the category theory, we refer to [1] .
for any x ∈ L and family {x i } i∈I contained L.
In a frame L, e (0, resp.) denotes the top (bottom, resp.) of L.
for all a ∈ L, where x * is the psedocomplement of x in L, given by x * = {y ∈ L : x ∧ y = 0}.
A frame homomorphism is a map h : M −→ L between frames preserving finite meets (including the top) and arbitrary joins (including the bottom).
(
Proposition 1.0.5. Every dense frame homomorphism between regular frames is a monomorphism.
Császár frames
In this section, we introduce the concept of Császár orders on frames and that of the Császár frames and then state some properties of the Császár frames in the form applicable to the situations arising later.
Császár orders
In this subsection, we introduce the concept of Császár orders on frames and properties of the Császár orders. 
, where is a Császár order on L.
Remark 2.1.7. For any onto frame homomorphism h : M → L and any family S of Császár orders on L, h * ( S ) = ∪{h * ( ) : ∈ S}. Definition 2.1.8. Let L be a frame and a Császár order on a frame L. An element a ∈ L is said to be -small if x y implies a ≤ x * or a ≤ y.
Denote by B( ) the set of -small elements and B( ) is called the -small set.
Remark 2.1.9. Let L be a frame and , • Császár orders on L. Then one has the following:
Let L be a frame and A, B ⊆ L. Then A is said to refine B if for any a ∈ A there exists b ∈ B with a ≤ b. In this case, we write A ≤ B.
Proof. (1) Take any a ∈ B( ) and suppose xh
. This completes the proof.
(2) Take any a ∈ B(h * ( )) and suppose x y.
(3) It is immediate from (2) and (3).
The category of Császár frames
In this subsection, we introduce two categories: The category CsFrm of Császár frames and the category CCCsFrm of Cauchy complete Császár frames. Now we recall syntopogenous spaces introduced by Császár. In a syntopogenous space (X, S), the syntopogenous structure S is determined by topogenous orders on P (X). Such an order is a sublattice of P (X) × P (X). The condition is required to deduce a topology on X from the syntopogenous structure S(see [7] ). But frame itself is a (pointless) topology and the right adjoint of a frame homomorphism does not preserve joins. This motivates the following definition.
Definition 2.2.1. Let L be a frame and L a family of Császár orders on L. Then L is said to be a Császár structure on L if it satisfies the following:
It is easy to see that for any frame L, {≤} is a Császár structure on the frame L.
(2) Every nearness structure N on a frame L admits Császár structure 
In what follows, we assume that every Császár frame is regular.
(2) It is immediate from the above definition that {≺} is the largest regular Császár structure on the frame.
Cauchy filters play an important role in syntopogenous spaces inasmuch as such notions as convergence and completeness can be characterized in terms of Cauchy filters. We now define their counterparts, namely regular Cauchy filters, in a Császár frame using -small sets.
Definition 2.2.5. Let (L, L) be a Császár frame and F a filter on L. Then F is said to be :
Using regular Cauchy filters, we now define a Cauchy homomorphism between Császár frames.
It is easy to see that every identity map is a Cauchy homomorphism and the composition of two Cauchy homomorphisms is also a Cauchy homomorphism.
CsFrm denotes the category of Császár frames and Cauchy homomorphisms.
We now recall that a filter F on a frame L is said to be convergent if for any cover A of L, F ∩ A = ∅( [8] ) and that a regular filter on a frame is convergent if and only if it is completely prime filter on the frame, and every regular filter on a Császár frame (L, L) is a regular filter on L. 
Cauchy completion of Császár frames
In this section we construct the Cauchy completion of Császár frames and show that the Cauchy completion gives rise to a coreflection in the categories CsFrm. We introduce the concept of uniform Császár frames and show that the Cauchy completion gives rise to a coreflection in the categories UCsFrm.
Using strict extension of frames, we construct the Cauchy completion of Császár frames and then show that the Cauchy completion gives rise to a coreflection in the category CsFrm of Császár frames and Cauchy homomorphisms. . Banaschewski and Hong [3] introduce strict extensions of frames. The following summary is extracted from the paper:
For a set X of filters on a frame L, let P (X) denote the power set lattice of X and L × P (X) the product frame L and P (X). Then 
Proof. Suppose ah
∈ L}. Using this notion and Proposition 1.1.5, we have the following:
Proof. By Proposition 1.1.5, each of L * is a Császár order on cL and L * is directed. Firstly, we show that L * is admissible, that is,
This completes the proof. (
) is a Cauchy homomorphism. (2) for any regular Cauchy filter
G on (cL, L * ), c L (G) is also a regular Cauchy filter on (L, L).
Proof. (1) Take any regular Cauchy filter F on (L, L) and let
, for c L is onto. It remains to show that G is a regular Cauchy filter on (cL, L * ). We firstly show that G is a Cauchy filter on (cL, L * ). Take any
Thus G is a regular filter on (cL, L * ). This completes the proof.
(2) We first note that since cL is dense, a regular filter on (L, L) . This completes the proof.
Using the above, we construct the Cauchy completion of a Császár frame. Proof. Take any regular Cauchy filter F on (cL, L * ) and take any basic cover S of cL, i.e., S = {(a, a ) :
Thus F is convergent. This completes the proof.
is an isomorphism if and only if every filter in X is Cauchy completely prime filter on L. Using this note, we know that a Császár frame (L, L) is Cauchy complete if and only if cL = {(a, a ) : a ∈ L}.
Using the above, we now have the main theorem in this subsection: 
is a regular Cauchy filter on (L, L). Since h is a Cauchy homomorphism, there exists a regular Cauchy filter
for M is a meet-sublattice of M × M . In order to show that k preserves arbitrary joins, it is enough to show that for any subset
In order to show that the reverse inclusion, take any F ∈ ∪{ h(x) : x M A}. Then F is a regular Cauchy filter on (L, L) and h(x) ∈ F for some x M A. Since h is a Cauchy homomorphism, there exists a regular Cauchy filter G on (M, M) with G ⊆ h −1 (F ). Since (M, M) is a Cauchy complete Császár frame, G is a completely prime filter and {x * } ∪ A is a cover of M ; hence
x M a for some a ∈ A} for h(y) ∈ F and a ∈ A. Thus k is a frame homomorphism. In all k is a Cauchy homomorphism. Since c L is a monomorphism, by Proposition 0.0.5 and Remark 1.
This completes the proof.
Cauchy completion of uniform Császár frames
In this subsection, we introduce the concept of uniform Császár frames and show that the Cauchy completion gives rise to a coreflection in the categories UCsFrm. The frame in the above definition is regarded as the topology deduced from a uniformity (= symmetrical biperfect syntopogenous structure) on a set.
The following is immediate from Propositions 1. 
It is easy to see that every identity frame homomorphism is a uniform homomorphism and the composition of two uniform homomorphisms is a uniform homomorphism.
UCsFrm denotes the category of uniform Császár frames and uniform homomorphisms.
CCUCsFrm denotes the category of Cauchy complete uniform Császár frames and uniform homomorphisms. Proof. Clearly F • is a regular filter. In order to show that F • is a Cauchy filter, take any ∈ L and let • ∈ L with B(
Since x ∈ B( • ), there exists y ∈ B( ) with x • y; hence y ∈ F for x ∈ F . Thus F • is a Cauchy filter. This completes the proof. 
